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ABSTRACT 

The Swiss psychologist, J ean P iaget, has advanc e d a devel­

opmental theory of the c ognitive development of the child in which 

he asserts that conservation of distance precedes the child's command 

of two-dimens i onal skills. Piaget uses a variety of tasks to determine 

the child ' s ability to conserve distance and his ability to manipulate 

within a two-dimensional environment. Of special interest is Piaget's 

divi sion of two-dimensional skills into tests for understanding of first 

hori zontality , then verticality . 

The current study is dev oted to determine if indeed distance 

conservation is a prerequisite for two-dimensional skills. This 

investigator differs from Piaget in his interpretation of two-dimensional 

skills. Instead of using separate tests for horizontality 2..nd verticality, 

thi s investigator has developed a model which, in his opinion, tests 

the child's command of a two-dimensional environment utilizing a 

purely mathematical interpretation. That is, the two-dimensional 

envi ronment is perceived in terms of the Cartesian co-ordinate plane. 

Sixty children enrolled in the second grade at Barksdale Elementary 

Sch ool, Clarksville , Tennessee, were individually interviewed by this 

inv e stiga t or . Their ability to manipulate in a two-dimensional envi­

r onment was first tested. Then the investigator attempted to identify 

those childr en who conserv ed distance. 



A ccording to the typ e of tests used here, in terms of the 

mathematical interpretation of two dimensions, the results of 

this study fail to reject the hypothesis that distance conservation 

is not a developmental prerequisite for two-dimensional skills. 



A STUDY OF PIAGET'S THEORY CO~CERNING THE RELATIONSHIP 

BETWEEN DISTANCE CONSERVATION AND 

TWO-DIMENSIONAL AWARENESS 

A Thesis 

Presented to 

the Graduate Council of 

Austin Peay State University 

In Partial Fulfillment 

of the Requir ements for the Degree 

Master of Arts 

in Education 

by 

Sandra Adams Walton 

Ma y, 1971 



TABLE 

V. Re J ults of Two- Dimensiona l Skills and Di stance Con­

servation Tes t s Gi ven Seven-Year-Old Girls Enrolled 

in Bar k s dale School, Clarksville, Tennessee, 1970-

PAGE 

1971. • . . . . . . . .. 39 

VI . Results of Two-Dimensional Skills and Distance Con-

servation Tests Given Eight-Year-Old Girls Enrolled 

in Barksdale School, Clarksville, Tennessee, 1970-

1971 ........ . • • • • • • 0 ••••••• 
. 40 



To th Graduate Council: 

I am subm itt ing he r ewith a Thesi s wri t ten by Sandra Adams 
Walton entitled " A Study of P iag et 's Theory Concerning the Relation­
s h i p Between Distance Conservation and Two-Dimensional Awareness. 11 

I r ecommend tha t i t b e ac c epted in partia l fulfillment of the require­
ments for the degree of Master of Arts in Education, with a major in 
mathematics. 

We have read this thesis and 
recommend its acceptance: 

u/llh " ~&, )J. ~ 
Third Committee Member 

Major Professor 

Accepted for the 



ACKNOWLEDGE ME NTS 

The a uthor wi shes to express her deepest appreciation to Dr. 

Ernest L . Woodward, Professor of Mathematics, Austin Peay State 

University, whose directi on has been invaluable and constant through­

out the development of this study, and whose example of excellence in 

mathematics education has been a source of great inspiration; to Dr. 

Ellis Burns, Department of Education, and Dr. William G. Stokes, 

Department of Mathematics, for their suggestions and leadership 

throughout the author 1 s graduat e pursuits. 

To her fellow graduate students, Karen Mitchell Pendergrass 

and Roy Thomas Farr, the author is indebted; to Mrs. Pendergrass 

for her suggestion of the pegb oard test for two-dimensional awareness, 

t o Mr. Farr for his unceasing interest and friendship. 

Appreciation is extended to Mr. Albert E. Alcock and Mr. Samuel 

J . Winters, principals of Barksdale and Smith Schools, to the second­

grade teachers and students, and to Miss Bonnie Savage. Each of these 

contr ibuted to the actual testing situation. 

The author is indebted to Mrs. Amy Morgan and Mrs. Lillian 

Sh a rp wh ose general helpfulness and typing skills have been invaluable. 

The author i s especially grateful to her husband, Frank, whose 

love and enc ou r a gement are a source of daily strength. 



CHAPTER 

I. 

TAB LE OF CONTENTS 

INTRODUCTION . . . . . . . . . . . . . . . . . . . . ' 

General Statement of the Problem and Review of the 

PAGE 

. 1 

Literature. . . . . . . . ........... .... .. 1 

Hypothesis . . ...................... 16 

II. PROCEDURES . . ..................... 17 

III. 

IV. 

V. 

The Pilot Study. . . . . . . . . . . . . . . . . . . . . . 1 7 

The Current Inves tigation .. .. ........ .. .. 21 

RESULTS ........ .......... . 

CONCLUSIONS AND RECOMMENDATIONS. 

SUMMARY ................. . 

.. 26 

. 29 

. 34 

BIBLIOGRAPHY. . . ........ . .............. · · 35 

APPENDIX . . . . . . . . . . . . . . . . . . . · · · , · · · · · · · 3 7 



TABLE 

I. 

LIST OF TABLES 

Results of Two-Dimensional Skills and Distance 

Conservation Tests Given Fifty-One Second Grade 

Students Enrolled in Barksdale School, Clarksville, 

Tennessee, 1970-1971, After Elimination of Nine 

PAGE 

Students for Whom Data Were Incomplete ........ 26 

II. Distribution of Forty-Three Children Enrolled in 

Barksdale School, Clarksville , Tennessee, 1970-

1971, Who Successfully Performed Two-Dimensional 

Test in Terms of Ability or Inability to Conserve 

Distance .................. . ... . .. 27 

III. Results of Two-Dimensional Skills and Distance Con-

servation Tests Given Seven-Year-Old Boys Enrolled 

in Barksdale School, Clarksville, Tennessee, 1970-

1971 . .. ... · · · · · · · · · · · · · · · · · •. 37 

IV. Results of Two-Dimensional Skills and Distance Con-

servation Tests Given Eight-Year-Old Boys Enrolled 

in Barksdale School, Clarksville, Tennessee, 1970-

1971. . . .. · · , · ... ... . . 38 



L IST OF FIGURES 

F IGURE 

1. The Cuisenaire Geoboard. 

2. Model Designed by Author to Test Two-Dimensional 

Awareness . . ................... . 

PAGE 

. . 41 

.. 42 

3. Model Designed by Author to Test Distance Conservation ... 43 



CHAPTER I 

INTRODUCTION 

I. GENERAL STATEMENT OF THE PROBLEM AND 

REVIEW OF THE LITERATURE 

The rationale for this study is perhaps best explained in the 

words of the Swiss psychologi st, Jean Piaget. In the preface to 

The Child's Conception of Space, which Piaget coauthored with 

Barbel Inhelder, he states: 

Geometry primers are almost unanimous in presenting 
the fundamental ideas of space as resting upon euclidean 
conc epts such as straight lines, angles, squares, circles, 
measurements, and the like ... On the other hand, abstract 
geometrical analysis tends to show that fundamental spatial 
concepts are not euclidean at all, but 'topological' .. . It 
need hardly be said that a further reason for devoting 
special attention to the question of the development of 
spatial concepts, is that any reasonably thoroughgoing 
investigation in this fi eld is certain to suggest immediate 
practical applications. The teaching of geometry could 
hardly fail to profit from keeping to the natural pattern 
of development of geometrical thought , especially since 
this process is, to our way of thinking, in much closer 
conformity with the logic of mathematical construction 
than are most of the so-called 'elementary' textbooks. 1 

1 Jean Piaget, and Barbel Inhelder, The Child's Conception of 

S (N Y k . w W Norton and Company, In c. 1967), p. vii. pace ew or . . • 



Piaget advances a theory of the cognitive development of the 

chil . h . h 
JJ ic ·• 'Nhen applied in the area of mathematics education, has 

broad ramifications. 
He is saying tha t in th e child's growing c on­

ception of space, t opological con cepts pr e cede projective concept s , 

which in tur n pre cede E uclidea n cone t ep s. Within these broad 

categor i es are numerous substages which Piaget contends must 

preced e, a n d thus implement, a subsequent stage. Should this 

the ory be found correct, the t eacher and textbook author may have 

m a ny changes to make in the sequencing of topics for presentation 

to the child. 

Piaget states that 

A s d i stinct from elementar y topological relations 
which are concerned s imply with the object as a thing 
in itself and with its various features taken in turn, 
we have shown (in preceding chapters) that projective 
concepts imply a compr ehensive linking together of 
figures i n a singl e system , based on the co-ordinat ion 
of a number of different viewpoints. But s i de by side 
wi th the development of this organized complex of 
viewpoi nts t here also takes place a co-ordination of 
objects as such. This l eads ultimately to the idea 
of euclidean space, the concepts of parallels, angles 
a n d proportion provi ding the transition between the 
two s y stems. Such a co-ordination of obj ects 
naturally ASSUMES THE CONSERVATION OF 

DISTA NCE ~emphasis is that of the present 

author.) ... 

The pr e sent study is designed to investigate an admittedly 

small portion of thi s rathe r ex tens ive theory. Under consideration 

2Ibid., p. 375. 

2 
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here is an ana ly s is of Piaget' t . 
s c on ention that the substage of dis tance 

conservati on (later d efined) h d 
as evelopmental priority over that of 

two-dimensional skills. 

Richard W. Copeland descr1·bes h t e four main stages in Piaget's 

developmental theory as follows: 

Sensori-motor Stage. The first is a sensori­
motor p~everbal stage lasting approximately 
for the first two years of life. 

Pre-operational Stage. The second stage is that 
of pre-operational representation. It marks the 
beginning of language in the form of words ... Words 
are symbols or representations of reality ... This 
use of symbols or 'representation' marks the 
beginning of thought. At thi s stage there is a 
reconstruction or representation of the experi­
ences at the pre-representational or sensorimotor 
level. .. 

Concrete Operations Stage. The third stage is 
that of concrete operations, which is particularly 
important to the elementary school teacher because 
most of the time that children are in the elementary 
school they are in this stage of development ... 
This is a concrete operational stage because the 
child is obtaining ideas from operations on such 
concrete objects as water, clay , etc. At the 
beginning of the concrete operational level the 
ideas of the child are sti ll based on observation 
and experience with objects in the physical world, 
but he is beginning to generalize or break away 

. f "k . II from manipulation of obJ e cts as a way o nowmg. 
When these generalizations are complete and correct 
the child is at the concrete-operational level. .. 

Formal Operation Stage. The last or fourth 
stage is the formal operatio_n stage or the . 
hypothetic-deductive operational level. This 
does not usually occur until eleven to twelve 

f The child now reasons of years o age. 



hypoth e ses or i d eas th . ra e r than on n eedin g obj ects 
m th e phy s ical world as a basis for his thinking. 
H e constructs new O t · . . pe r a ions, thos e of proposi-
tional logic and h tt • . • e a a1ns new mental structur es. 
He is now able to co · d 11 . , . . . . nsi er a pos s1b1hties or com-
binations rather than those bas ed onl . y on exper-
ience or experiment H b • . . . • e egins to classify , order, 
and enumerate m the verbal proposition form of 
deductive logic ... 3 

Of interest here are the studies made pertaining to the 

Pre-operational and Concrete Stages with particular attention 

being given to the substages involved in the acquisition of two­

dimensional skills. 

Piaget emphasizes that the "simplest and most natural 

reference frame available to the child is most probably that 

provided by the physical world in the shape of vertical and 

horizontal axes . . . On the one hand , the concepts of vertical 

and horizontal are by nature physical rather than mathematical, 

indicating as they do, simply the direction taken by a freely 

falling body or a line perpendicular to it. Yet on the other 

hand, the elaboration of these concepts introduces a question 

independent of physics, or at any rate, a question whose 

independence is precisely the point at issue ... and this is 

3Ri chard w. Copeland, How Children Learn Mathematics 

(New York: The Macmillan Company, 1970), PP· 14-16. 

4 
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the development of a co-ordinate 
s y s t em as a s im ple t ool of 

geometrical or i enta t i on. 11 4 

By asking childr en to fill i n the water level on pictures of 

variou sly shaped and frequently inverted jars, the child's perception 

of hor i zontality was noted. Similarly, the child's efforts to draw 

houses, trees, and animals situated on the sides of mountains 

were used to determine his stage of development in terms of the 

vertical dimension. 5 

According to Piaget, Stage I is recognized by the inability 

to distinguish surfaces or planes, in the case of either fluids or 

solids. Sub stage IIA indicate s that the water level is shown 

paralle l with the base of the jar and the trees are perpendicular 

t o the mountainside. Substage IIB is one of intermediate types 

of responses in which the child is aware that some system of 

refer ence is necessary to make his drawings " look right," 

but is yet unable to consistently and correctly find this reference. 

Stage III represents the child's successful mastery of both the 

h . d . 6 
horizontal and vertical aspects of is rawmgs · 

4 Piaget, op. cit., PP· 379- 380. 

5rbid. , pp , 381-382 . 

6Ibid. , pp. 382-3 84. 



Se ve ral studies have been devoted to those aspects of Piaget's 

theor,r which 'i re under consideration here. 

Carolyn Uhlinger Shantz and Charles D. Smock explain the 

theory thusly, "Pia get and Inhelder ... postulated a sequential 

development of the child's representation of space, culminating 

in the acquisition of a Euclidean structuring of space . The co­

ordinates of Euclidean space may be described as a grid of lines 

crossing each other perpendicularly in three dimensions. The 

presence of such a conceptual co-ordinate system is attested to 

when horizontality and verticality become independent of the 

perceptual properties of objects and immediate surround ... It 

is Piaget and Inhelder' s contention that the conservation of 

distance is a prerequisite for the development of the co-ordinate 

7 
system." 

Shantz and Smock used a two-fold definition of distance 

ti. stati·ng there are "two cognitive operations conserva on, 

· 1 d ( ) distance must remain constant whether the space invo ve ... a 

· t · filled or empty and (b) distance must between two poin s is • . 

· ts regardless of the direction 
remain identical between two porn 

A. ) 118 
of travel (AB = B • 

6 

. Shantz and Charles D. Smock, "Devel-
7 Carolyn Uhhnger . ' d the Spatial Coordinate System," 

f D. t Conservation an 
opment o is ance I . E Sigel and Frank H. Hooper , 

• ·n1c· · Children, rvmg · 
Logical Thi mg m . d Winston, Inc., 1968), p. 158. 
eds. (New York: Holt, Rinehart an 

8Ibid. 
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These two investigato t t d , . rs es e this the ory u sing ten boy s and 

ten girls from one fi r st-g r a de class 1· 1 1 t sch ool. n a rura e emen ary 

The ages rang ed from 6 year s 4 month t 7 10 th , s o y ears, m on s. 

F i ve items using objects and five i tems using pictures were used 

to determine if eac h of t he two requirement s for distance conser­

vatio n w a s met. To assess part (a), for example, "two 2-1/2 inch 

t rees w e re placed before S 8 inches apar t , and S was asked whether 

the trees were 'far apart• or 1near together. 1 A board higher than 

the trees was placed halfway between them and S was asked, 1And 

now, a re they far apar t (or near toge ther)? 1 A child who conserves 

dista n ce will asser t th a t d i stan ce r emains the same whether the 

s pace is filled or empt y; non- c onservers make a variety of responses, 

the most common bei n g that the distance is less because the board 

•uses up' some of the space between the trees. 
119 

Among the tests used to assess part (b), the studer.t was asked 

whethe r or not it i s "just as far from here t o here (left tree to 

right tree) as from here to here (right tree to left tree)." 
1 

O The 

· h ' ld would recognize the equality of the distance, cons erv1ng c 1 

w h er e as th e n on- conserving child would assert the distance is 

. 11 
greater in one di rection. 

9
Ibid. , P· 159 

lOibid. , P· 160 

11
Ibid . 



T o d ete r m ine if the ch ild had de ve l op ed u se of a co- ordinate 

syst<>-n, fivP tests were d e signe d using first obj e cts, then pi ctures , 

to ass e ss each of the concepts of horizontality and verticality. 

Among the t e sts us e d for horizontality, the child was asked to 

indicate with his finger the location on an empty bottle of the water 

level should an identical partially-filled bottle be turned upside 

down. Among the tests used for verticality, a clay-covered 

stryrofoam pyramid, representing a mountain, with a 60° slope 

was placed before the child. Figures with pins in their bases 

were to be placed 11 nice and straight11 by the student at five 

site s verbally indicated. If the child had a cquired the vertical 

concept, objects were placed on the mountain in reference to 

external axes , such as parallel to the walls of the room in which 

. . d 12 the tests were adm1mstere . 

The tasks using drawings, for example, yielded five 

students who used both concepts and seven who used neither. 

No child demonstrated command of the co-ordinate system 

who did not conserve distance. Eight students demonstrated 

t . but did not successfully use the co-distance conserva 10n 

ordinate concept. Similar trends were noted from the tests 

12Ibid. 

8 



using obJ. ects . Thus the d t f h • a a r om t e Sha n t z and Smock tests 

indi cate a gen e ra l c onsi s tency with Piage t' s hypothesis of the 

developmental priority of dis ta n ce conservation to the co- ordinate 

13 
system . 

K. Lovell, D. Healey, and A. D. Rowland also tested 

children I s ability to conserve di s tance in a study des i gned t o 

replicate twelve of Piaget' s exp e r im ents. The s ubj ects used 

9 

were as foll ow s : (a) ten pupils in the 5- year -ol d age group , and 

fifteen in each of the age groups 6 , 7 , 8 , and 9, t otaling 70 prim a ry 

pupils, and (b) ten pupils in each of the age groups 9, 10 , 11, 13, 

and 14 in E ducationally Subnormal Special Schools. All of the s e 

E 1. h . . 1· 14 children wer e ng 1s 1n nat10na 1ty . 

In this te s t "Two plasti c 'Red Indians ,' each 3 inches in 

height, were placed on a table about 20 inches apart. T h e child 

was asked if be thought the Indians were 'near together ' or ' far 

apart. , When he had given his reply, the E placed a hardboard 

screen between the figures and asked the S whethe r they wer e 

still as , , s 'far apart' depending on his fi rst reply. near o r a 

13Ibid.' PP· 161-163. 

14 d A D R owland "Growth of Some 
K L ell D Hea ley , an . . ' . s· 

. ov ' . 11 Logical Thinking in Children, Irving_ E. 1gel 
Geomet rl. cal C oncepts, - h t d W to 

(New York: Holt, Rine ar an ins n, 
and Frank H. Hooper, eds. 

Inc., 1968), PP· 141 - 142 · 



If the child- was of the o · · h pinion t at the s creen altered the distanc e 

between the Indians, he was as k ed to giv e a r eason. The scr een 

was remov ed and repla c ed by a piece of wood 2 inches wide and 

1 inch high (i.e., l ower that th e Red Indians) . The same question 

wa s r e peated in this new situation. 1115 

To test the symmetrical character of the distance between 

the Red Indians, the child was asked, 11Is it as far from there 

to there (AB} , as it is from there to there (BA}? 1116 

Lovell , e t a l, found that the 11 main stages in the growth of 

certain geometrical concepts proposed by Piaget ... have been 

broadly confirmed amon g English children ... However, the number 

of children at t he various stages were not always what one would 

17 
exp e c t from (Piage t 1 s) book. 11 

P. C. Dodwell c onducted a study designed to clarify a numb e r 

of Piaget's studies pertaining to the child's understanding of spatial 

concepts. Of interest here is that por t ion pertaining to Piaget
1 
s 

theory that at stage A the child has no conception of horizontality 

d t . 1· t . at stage B the rudimentary concepts of horizon-an ver 1ca 1 y , , 

1. d t' 1·ty appear but cannot be maintained with respect ta 1ty an ver 1ca 1 

15lbid. I PP· 142-143. 

16rbid., P· 14 3. 

17 
Ibid., p. 155. 



to an exter na l refer en ce point, a nd at stage c , th e concepts of 

h orizontality and ver ti ca lity ha v e b e en mastered. Piaget places 

s tage A a t four or five years and 11 after seven to eight" for 

stage C. 
18 

Dodwell describes his materials as ''two narrow-necked 

bottles, one with straight parallel sides and a flat base, the other 

spherical, each about one-quarter full of a colored liquid; two 

other empty jars, one each of the types described; a cork with a 

matchstick fixed to it, and perpendicular to one of the flat faces; 

a plumbline with a bob shaped like a fish; a plasticine model of 

three mountains; and various pictures of the jars. 11 l 9 

Dodwell' s procedure included such questions as follows: 

"We are going to tip the straight jar over like this ... Will the 

water stay where it is, or will it move? Show with your finger 

on the jar where the water will be ... Draw on your picture of 

the jar (tilted) where the water will be when it is tipped ... Now 

we will see whether it is right ... Were you right? 

what you see, 11 and with the parallel-sided jar, 

Now draw 

"Here is a 

11 

18 ll "Children, s Understanding of Spatial Con-
P. C. Dodwe , s· 1 d F nk H 'nk' . Children Irving E. ige an ra . 

cepts, 11 Logical Thi ing in ' · I 196 8) k H lt Rinehart and Winston, nc., , 
Hooper, eds. (New Yor • 0 , 

p. 130. 

l 9lbid. ' P· 124. 



cork wi th a m a tchstick in it . Let 's pr e tend that it is a little boat . 

We wi ll let th e b oat float on the wa t er in the ja r . Which way doe s 

the mast of th e boat point now (Jar vertical.) We are going to 

tip the jar , and I want you to draw the way the mast will look with 

the jar tipped: I will tip the empty jar the way this jar is going to 

be tipped (45°). Now draw the little boat ... Now we will tip the 

jar with the water in it and see if you were right. Were you 

right? Draw it again the way it should look. 1120 

Dodwell reports that all the substages and stages described 

by Piaget were observed, but his "findings suggest that the age 

limits cannot be so precisely i dentified, a nd the enormously 

preponderant 'mixed, · category again suggests very little regu-

1 11 21 
larity in the developmenta pattern. 

The current study i s designed t o fur the r investigate the 

relationship between the child ' s ability t o cons e rve distance and 

his skill in manipulating wi thin a two-dimens ional environment. 

This writer offers no criti cism of the tests used to measure 

con servation of distance. The test used in th e current study i s 

s imilar to that used by pr e vious investigator s although the models 

20Ib i d. ' PP· 124-125. 

2 llbid., pp . 130-1 31. 

12 
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themselves differ . H oweve r, some discussion of the tests used to 

measure the c o-ordina t e s t · ys em concept seems pertinent here. 

In previously cited studies, the tests for the child's use of the 

co-ordinate system have been designed to measure first horizontality, 

then verticality• Piaget, Shantz and Smock, and Dodwell each used 

variations of water level tests for horizontality. Similarly, these 

investigators used variations of plumbline and mountain scene tests 

for verticality. 

Piaget stated that the horizontality and verticality concepts 

are physical, rather than mathematical, aP..d that the elaboration of 

these concepts poses a question independent of physics, that of the 

22 
development of the co-ordinate system. However, these tests 

are not independent of their physical orientation by their very 

nature. 

Shantz and Smock also stated that the "co-ordinates of 

Euclidean space may be described as a grid of lines crossing 

each other perpendicularly in three dimensions . The presence 

tual Co ordinate system is attested to when 
of such a concep -

. . d ti" l'ty become independent of the. perceptual 
honzontahty an ver ca 1 

d "23 H . f b . t and immediate surroun . owever, 
properties o o JeC s 

22P i aget, op. cit. , P· 380 · 

23Sh ant z and Smock, op. cit. , P· 158. 
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there seems to be a conflict b e tween the definition of the co-ordinates 

of Euclidean Rpace and the sta t t th . . emen at it is the independence of 

horizontality and verticality from th h · 1 · · e p ysica surroundings which 

attests to the presence of the co ord' t - ina e system. Not only are the 

tests used by Shantz and Smock not independent of the physical 

properties, but also they obviously fail to directly apply to the 

given definition. There is no occasion in which the child's ability 

to grasp the grid concept directly follows from the types of tests 

discussed above. 

For the current study, it seemed more sound to design a 

model which would be in keeping with the truest mathematical 

interpretation of two-dimensions. That interpretation is perhaps 

best described as the Cartesian co-ordinate plane in which a grid 

of parallel lines crossing perpendicularly intersect in points with 

addresses in the form of ordered pairs of real numbers, (x,y). 

The x-co-ordinate indicates one dimension, and the y-co-ordinate 

indicates the second dimension. 

This mathematical interpretation manifests itself in a model 

which is purely two-dimensional, regardless of the plane in which 

the model rests. 
That is, the child's concept of two-dimension can, 

d without requiring that 
in this inve stigator's opinion , be measure 

· of the horizontal and 
his frame of reference actually be m terms 

the vertical. 
. . t t ait of this model is that it permits 

Another dis tine r 



the measuring of both dimension s at one time, rath e r than requiring 

separate tests for each of th e dimensions. 

Thus, i n the curr ent s tudy a test will be used which is unlike 

thos e e mployed by previous investigators . This test will utilize a 

model des i gned upon the mathematical interpretation of two­

dimension discussed above. A thorough discussion of this test 

may be found in the next chapter. 

15 



II. HYPOTHESIS 

Distance conservation does not precede two-dimensional 

awareness in the cognitive development of the child. 

16 



CHAPTER II 

PROCEDURES 

I. THE PILOT STUDY 

A pilot study was conducted in March 
' 1971, in which 

the author individually interviewed thi t . 
r y-seven children who 

attended Norman Smith Elementary School in Clarksville, 

Tennessee. Twenty-five of these children were seven years 

old; ten were eight years old; and two were nine years old. 

Of the total, twenty were girls, and seventeen were boys. 

These children were considered to be "average" by their 

teachers. 

To test the child's grasp of two-dimensional relationships, 

two Cuis enaire Geoboards were placed before the child. The 

Geoboard is a commercially produced model used in the instruc-

tion of mathematics. The model is made of a hard plastic 

material molded into a square with a side of approximately 

seven inches. One surface has a twenty-five-peg lattice, 

as may be seen in Figure 1 of the Appendix. The investigator 

placed a metal ring around a spindle on one Geoboard, and the 

child was asked to place a similar ring on the corresponding 



spindle of the second Geob oa d r . Thi s was p e r fo rmed a minimum of 

thr ee t~,m e s , wi th s om e h ' l d 
c 1 r e n b e in g aske d t o pe rform this task as 

many as s ix t ime s. 

Almos t without exception the h' 
c 1ldren successfully completed 

the two-dimensional tasks each time. Of one hundred thirty total 

opportunities, only fourteen errors were recorded. A possible 

reason for this is the small number of spindles from which to 
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choose when using the Geoboard. As previously noted, the Geoboard 

has only twenty-five spindles, and most of the spindles chosen were 

not in the exterior rows or columns , leaving about nine choices. 

To assess the child's ability to cons e rve distance, as defined 

by (a) in the study by Shantz and Smock, that is, distance must 

remain constant whether the space between two points is filled or 

empty, a square piece of plywood was placed b efore the child. The 

length of a side of the square was eighteen inches. At the approxi­

mate center of each of two opposite sides of the square was attached 

a thumbtack. The child was asked, "Ar e the two thumbtacks near 

together or far apart? 11 Using this answer a s a reference, the 

· t 1 d a piece of plywood between the two thumbtacks expenmen er p ace 

in such a manner as to be perpendicular to the base, dividing the 

· · t 1 equal areas, and repeated the question. base into two approx1ma e Y 

question as repeated frequently supplied 
The answer to the 

1. ns1· ght in to the child's thinking. no new information or 
For 
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example, a child who had a n sw d 
e r e , 11 far apart" to the first question 

woul d likewis e often a nswer 11far apart11 
to the second question. The 

child perhaps recognized that the partitioning board actually took up 

very little of the total distance between the two thumbtacks. When 

the experim enter recognized this tende ncy, further questioning was 

used to determine if the distance between the thumbtacks remained 

the same, had become more or less, and why. 

It was thought that perhaps the child would think the introduction 

of the partitioning plane would necessitate going around its left or 

right edge or over the top in order to go from one thumbtack to the 

other. This would, of course, probably make the child conclude 

that the partition caused the distance to be greater. Therefore, a 

second partition was then placed between the two thumbtacks where 

the first had been. This partition had a small door set on hinges 

in line with the thumbtacks. Once again the child was asked if the 

thumbtacks were "near together 11 or "far apart, 11 when the door 

remained closed. The door was opened, and the child was further 

questioned about the distance between the thumbtacks. 

There were occasions on which sufficient additional questioning 

1 'f chi'ld's answer even though some responses was not used to c ar1 ya ' 

were vague. t en children made definite statements However, seven e 

or shorter distance between the two points 
regarding the greater 

. f of the planes or the change in the 
after the introduction o one 
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Position of the door. Only s · h ' ld 
ix c 1 ren p os i ti vely stated tha t there 

was no change i n the d i s tanc e . 

The results of the pilot study indicated that more emphasis 

must be placed on determining exactly what a child means in order 

to correctly determine his ability to conserve distance. From the 

over-all responses, it appear ed that the use of the partition with the 

door served to generate a number of inconsistent answers without 

identifying true conservation of distance. One child indicated that 

the mere presence of the door made the distance less even if it 

were not opened. To some children, opening the door decreased 

the distance, while others felt it increased the distance. 

The preliminary investigation further illustrated the need to 

discard the Geoboard with its limited number of spindles in favor 

of a similar model with a greater number of spindles. This larger 

model was selected to h elp ov e rcome th e simplicity of the task when 

8 0 greatly aided by the probability of chancing upon the correct 

response. 



II. THE CURRENT INVESTIGATION 

In April, 1971 th 
' e current study was made using a population 

of sixty second-grade students at Barksdale Elementary School in 

Clarksville, Tennessee. Th 
e ages ranged from seven years, five 
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months to eight years, six months. There were sixteen seven-year-

old boys, sixteen eight-year-old boys, eighteen seven-year-old 

girls, and ten eight-year-old girls. Barksdale does not homo­

geneously group its students; therefore, no particular characteristic 

of ability will be assumed. However, it should be pointed out that 

the area of Clarksville served by Barksdale School is one described 

as upper-middle class. According to the principal, there are 

eighty-eight families in which the head of the household is a 

professional, thirty-two of whom are teachers; forty families 

are supported by civil service employees ; two hundred twenty­

eight by business people; eighty by those in industrial management; 

twenty are self-employed, such as electricians and beauticians; 

the remaining twenty-eight families are supported by such people 

as retired military personnel and college students. 

. . the child, s ability to manipulate in a two-To determine 

. . t models were especially designed. dimensional s1tuat10n, wo 

squares of standard pegboard with 
These models were identical 

f h 1 s which were one inch apart. 
ten rows and ten colUillnS O O e 
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In each hole stood a wooden · 
p iece of dowelling approximately one and 

one-fourth inch e s high. Th 1 f 
e e t margin of the square was outlined 

with a s t r i p of red plastic tape,· the 1 
ower mar gin of the square was 

outlined with a strip of blue plastic tape . (See Figure 2 in the 

Appendix.) 

As in the pilot study, the investigator placed a metal ring 

around a spindle on one model, and the child was asked to place a 

similar ring on the corresponding spindle of the second model. 

This process was performed at least three times. Six children 

were given an additional opportunity, either because they merely 

wanted to do it again or b e cause the investigator felt another 

occasion was warranted when the child intimat ed that he had made 

a mistake. Two correct respons e s out of thr ee were again used 

as the criterion for being able to succee d in t h e two-dimensional 

task. 

The base of the model used in the pilot study to test conservation 

of distance was also used in the actual experiment. It consisted of a 

square piece of plywood with a side of eighte en inches. In the approx-

imate center of each of two opposite sides was a thumbtack. The 

child was asked if the thumbtacks were "near together or far apart. i 1 

1 d a piece of wood b etween the two thumb-
The experimenter then p ace 

a s to be perpendicular to the base, dividing 
tacks in s uch a manner 

. t ly equal areas, as in the pilot study, 
the bas e into two approx ima e 
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and rep eated the qu estion. Tl · 
, e pa rtitioning board m easured eighte en 

inc hes wi d e, tw e l ve inch e s high, and three-fourths in ch thick . (S ee 

F i gure 3 in the Appendix.) This board was, therefore, about four 

times as thi ck as the partitioning board used in the pilot study. This 

change was made to reduce the chances of the child's saying the 

distance was the same, perhaps only because he thought the partition 

" took up" so very little space. 

The child's answer to this second question pertaining to the 

thumbtacks being "near together or far apart," was then pursued 

to obtain a reason for the answer which h e had given. If a child 

had answered 11far apart11 both times, h e was questioned, "ls the 

amount of 1farness 1 the same, or is it greater, or is it less? 11 

Regardless of which he answered, he was asked why. 

This pursuit of the child's thought processes yielded nine 

children whose actual ability to conserve distance could not be 

adequately determined by this investigator. For example, one 

ld b aid after the introduction of the partitioning seven-year-o oy s 

board, d th 're closer." It is l'both boards are two now, an ey 

. f d to the two divisions of the base. interpreted that the child re erre 

siz e of these divisions was the same, He then indicated that the 

. f ·1 d to be able to communicate that these and the investigator a1 e 

areas were not the 
t · Three other 

real topic of considera ion. 

. h . h could not be resolved 
children had similar difficulti e s w ic 



24 

even by placing the board at d .ff .. 1 e r e nt positions between the thumb-

tacks. 

A seven-year-old girl . . 1 surprising y recognized the relativity 

of the terms "near together" and "f 11 ar apart. Therefore, it was 

not possible to establish the same type off f f · rame o re erence as 1n 

the rest of the population, and the investigator chooses to disregard 

this person in making the final analysis. 

It is the opinion of the investigator that another type of problem 

resulted when there was recognized in certain children the desire 

to please rather than state their actual opinions. For example, if 

the child had perhaps answered 11far apart" in the first instance 

and 11 near together" in the second, the answe r was then changed to 

"far apart" again when asked to tell why. It seemed that the child 

was willing to say whatever h e thought the investigator wanted to 

hear. 

Of interest also are comments made by some of the remaining 

fifty-one children for whom complete data were secured. Among 

· d "the wood is wide and takes up the non-conservers it was sa1 , 

h 11 and "the wood is in the 
room i1 i1it blocks out some of t e area, , 

. . . • it s much. 11 Some of the rather out-
middle and splits it, so it isn a 

rvers to justify the distanc e as 
standing remarks made by conse 

. t oducing the partitioning plane 
being the same before a nd after m r 

. dl and the thumbtacks are in the 
were 11 p ut the board in the mid e, 
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s a me place," a nd "the wood (bas e) is still the same length and you 

jus t :''\t it (;-" ,tition) in line . 11 

The reader is referred t o the Appendix in which Tables III­

VI show the ag.e, sex, and type of response for each of the sixty 

children interviewed. 



CHAPTER III 

RESULTS 

In considering the fifty-one children for whom the test data 

were complete, the following table indicates the results of the 

tests, The groups are arranged according to both age and sex. 

TABLE I 

RESULTS OF TWO-DIMENSIONAL SKILLS AND DISTANCE 
CONSERVATION TESTS GIVEN FIFTY-ONE SECOND GRADE 

STUDENTS ENROLLED IN BARKSDALE SCHOOL, CLARKSVILLE, 
TENNESSEE, 1970-1971, AFTER ELIMINATION OF NINE 

STUDENTS FOR WHOM DATA WERE INCOMPLETE 

Age Sex Task 1 Task 2 

7 M 12 2 

7 F 11 3 

8 M 13 4 

8 F 7 4 

43 13 
Total 

b ad as follows: The numb e r in 
NOTE: This table should e reh ber of students who were 

T k 1 indicates t e mun 
the column labeled as . 

1 
t k T h e number in th e column 

dimens1ona as . d d' successful with the two - f h "ldren who c onserve i s tance . 
h umber o c i labeled Task 2 indicates t en 
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From this g roup of f ' ft 

1 Y- one childre t 1 n, we ve seven-year-old 
boys s u cceeded wi th the t d' . 

Wo- 1mens 1 
iona task while only two of them 

conserved distance thirt . 
' een eight-year-old boys succeeded in the 

first task while only four conserved di 
stance, eleven seven-year-old 

girls succeeded in the first t k . 
as while only three conserved, and 

seven eight -year-old girls 
succeeded in the first task while only 

four conserved. Th ' · 1 
is y1e ds a total of forty-three children who 

possessed two-dimensional sk·u d . 1 s, an only thirteen children who 

identified distance conservation as h 
ere measured. 

Of mo st interest here is an analysis of only those forty-three 

students who successfully performed the two-dimensional task. This 

analysis is to be made in terms of the child's ability or inability to 

conserve distance. 

TABLE II 

DISTRIBUTION OF FORTY-THREE CHILDREN ENROLLED IN 
BARKSDALE SCHOOL, CLARKSVILLE , TENNESSEE 1970-71, WHO 

SUCCESSFULLY PERFORMED TWO-DIMENSIONAL TEST IN TERMS 
OF AB ILITY OR INABILITY TO CONSERVE DISTANCE 

Successful Two- Conservers Non-Conservers 
Sex Age Dimensional Skills of Distance of Distance 

M 7 12 2 10 

F 7 11 2 9 

M 8 13 4 9 

F 8 7 3 4 

Totals 43 11 32 
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It is to be noted that tw t th · en y- ree seven-year -old children 

derr ~.1strate...: skill with two-dimensional concepts, while only four, 

or 17 percent, conserved di stance. Of these four, two were girls 

and two were boys . Twenty eight-year-old children demonstrated 

skill with two-dimensional concepts, while only seven, or 35 percent, 

conserved distance. Of these seven, three were girls and four were 

boys. Thus, oi the total forty-three children under consideration, 

thi rty-two were capable of manipulating within a two-dimensional 

environment but were unable to conserve distance. 

Therefore, in view of the data reported here obtained in the 

manner de scribed, this inve sti gation fails to reject the hypothesis 

that distance conservation is not a developmental prerequisite for 

two-dimensional skills. 



CHAPTER IV 

CONCLUSIONS AND RECOMMENDATIONS 

Table ll on page 27 re 1 · vea s a possible developmental pattern 

forming in the sense that the eight-year-old children demonstrated 

a higher percentage of conservers. Also, the differences between 

the sexes appear, to this observer, rather minor. For example, 

at age eight thirty-one percent of the males conserved, while forty­

three percent of the females conserved. However, additional 

evidence w0uld seem necessary to draw any valid conclusions about 

either of these possibilities, particularly considering the small 

number of children under consideration. 

According to Piaget's developmental theory that distance 

conservation precedes two-dimensional skills, one would expect 

all forty-three children noted to have demonstrated the ability to 

manipulate in a two-dimensional environment to have also deman-

d . t Within this population, strated the ability to conserve is ance. 

h ber of children with this ability is 
it is quite obvious that t e num 

much smaller. 

f r this failure to substantiate 
There are at least three reasons o 

Piaget's theory. 
b . herent in the types of tests 

One reason may e in 
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used. This investigator did not h 

c oose to pursue the child's under-

standing of the symmetrical aspect f th . 
0 e distance between two points, 

as defined by Shantz and Smock in (b) (th • A 
, at 1s, B = BA). Nor did 

this investigator use as man d"ff 
Y 1 erent tests for distance conservation 

as has been done in previous studies. 

The primary reason for the lack of agreement with Piaget's 

theory may be that this writer designed a model for testing two­

dimensional skills quite unlike those models used by Piaget and 

others. It is to be admitted that the results of this test differ from 

those of Piaget possibly because of the nature of this model. However, 

it is the judgment of this investigator that true co-ordination of two 

dimensions can best be measured in the manner described for this 

study. Additional studies which would further tes.t the appropriateness 

of this model are encouraged. 

A second reason for this inconsistency with Piaget's theory is 

the possibility that this particular population has skills not necessarily 

present in the "average" child. Perhaps these children have been 

. . kill . such a manner as to unduly influence 
exposed to manipulative s s m . 

the test results. 
As noted earlier, these children tend to come from 

upper socio-economic homes. 
This implies their exposure to an 

. . 1 t· g environment. It is feasible that these 
intellectually stimu a m 

. d t . crease their manipulative 
children have enjoyed toys designe O m 

Thus, through 
. the conservation concept. 

skills, while not stressing 
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s h ee r p ractice, thes e childr en c o ld . 
u score 1n th e manner indicated. 

Inv e stigations design e d to a nal 1 . 
yz e cu tural influen ce s seem i n order. 

The third r eason is th e possibility that Piaget could b e in error 

when he says that distance co t · ns e rva ion has developmental pri ority 

over us e of the co-ordinate system. Certainly the need for m ore 

study i s indicated by this possibility. Larger populations using a 

greater age range could be us ed to obtain information additional to 

that presented in this investigation. 

According to Shantz and Smock, Piaget asserts that the "general 

age of emergence of distance conservation ... (is) approximately seven 

years of age compared to emergence of the co-ordinate system at 

24 nine years of age." The results of the current study indicate the 

eme rgence of distance conservation at a somewhat later age, noting 

that only eight of the total twenty-six e ight-year-olds conserved 

distanc e . (See Tables IV and VI in the Appendix.) 

The emergence of distance conservation has immediate 

for 
the teacher of first- and second-grade students . 

consequences 

The teacher is posed with the problem of determining the individual 

child's stage of development. 

24 
Ibid. 

If he fails to have reached the 
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n r ion 
I th t 

h r mu t d cid if p r haps th child ould 

m or rapidly tha he naturally would if giv n some 

tr inin The po sibili ty of t r aini f 
ng or conser vation or any other 

d v lopmental stage i s i ts e lf a t . f 
opic O much debate and is, therefore, 

wo r thy of cons id e rable study. Whatever the teacher's conclusions 

concerning training, it would seem · 
necessary to delay teaching or 

attempting to teach linear measurement f 
1 , or examp e, until the 

child is a conserver of distance. It hardly seems feasible that a 

non-conserving child would gain any real understanding of measurement. 

Another implication related to distance conservation is one which 

the teacher could readily exec ute. Once the teacher has chosen the 

time in which to teach measurement dependent upon the student's 

developmental stage, it seems of importance to this writer to include 

experiences with the symmetrical aspect of distance. The symmetrical 

aspect refers to the equality of the distance from point A to point B and 

the distance from point B to point A. Regardless of the unit of meas­

urement which the teacher is using with the children, whether an 

b ·t t a sti' ck the child's cubit measure, or the inch, ar i rary segmen , , 

. can be had from each end of the distance the measuring experience 

to be measured. 

t t dy seem to indicate that the teacher 
The results of the curren s u 

. with two-dimensional tasks until 
ne ed not delay learning experiences 



th c hil d on r d1 tan - . H ow v r, th point has b n m d hal 

th in rpr tion of 0 -dim nsion 1 skill is made one way by thi 

in ti tor and in a diff r nt way by Piaget. Therefore, it does not 

m unr a onable to su gest that the teacher would be wise to 

include xp ri nc s of the type used by the current writer as well 

as thos used by Piaget in his tests for horizontality and ve r tica lity. 

Because th elementary school child is usually led in an intuiti ve 

analysis of two-dimensions for the greater pa r t of his early school 

years, practice with two-dimensional grids, wate r l evels in bottle s , 

plumblines, and the like, woul d tend to aid in his readiness for a 

more sophi s ticated study of the dimensional aspects of space a t a 

later time . 



CHAPTER V 

SUMMARY 

Piage t 1 s theory that dis ta • 
nee conservation precedes use of a 

co -ordinate system as a reference frame has been studied using a 

populati on of fifty-one second-grade children. Of the fifty-one 

stude n ts , forty - three were found to possess two-dimensional skills 

as m easured by a model designed by the author. Only eleven of 

these were found to be conservers of distance. 

Thus, using this investigator• s interpretation of two-dimensional 

ski lls based upon the mathematician 1s use of the Cartesian co-ordinate 

pla ne and thi s investigator 1s test for distance cons ervation using a 

model of two points in a plane, Piaget• s theory has not been 

substantiated for this population. 
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TABLE III 

ESULTS OF T WO-DIMENSIONAL SKILLS AND DISTANCE CONSERVATION 
R TESTS GIVEN SEVEN-YEAR-OLD Boys ENROLLED IN 

3ARKSDALE SCHOOL, CLARKSVILLE, 
TENNESSEE, 1970-1971 

ID No. 

I 

2 

3 

4 

5 

6 

7 

8 

9 

11 

12 

13 

14 

15 

16 

Age 
Years Months 

7 7 

7 8 

7 9 

7 10 

7 10 

7 10 

7 10 

7 10 

7 10 

7 10 

7 10 

7 10 

7 11 

7 11 

7 11 

7 11 

Task l 
Task 2 

X 

X 

X 

X 
X 

X 

X 

X 

X :!( 

X 
X 

X * 

X 

X 

X 

X 

X 

2 15 

Total 16 . . An x appearing in -
--77:;::-;:;:;-;:;-:----~::-;:--;;~~;h~~ltc:dlbbee :rreeiad as foll ~ws ~ two- dimensional 

NOTE: This table s _oud _ ates success with t ~ d . cates the ability 
the column labeled_ a~ the column labeled _as in the column lab~led 

T k l m ic T k 2 m 1 

task An x appearing m . sk (*) appearmg . e the child s 
• . An asteri . to determrn to conserve distance. . ter's failure 

h xper1men Task 2 indicates t e e 
ability. 



TABLE IV 

RESULTS OF TWO-DIMEl\r 
i-;SlONAL S 

TESTS GIVEN EIGH KILLS AND DISTA 
BARKSDALE TS-CYHEAR-OLD Boys ENRONLCLE CONSERVATION 

OOL CL EDIN 
TENNESSEE , ARKSVILLE, 

ID No. 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

T otal 16 

Age 
Years Months 

8 0 

8 0 

8 0 

8 0 

8 0 

8 0 

8 2 

8 2 

8 3 

8 3 

8 4 

8 4 

8 5 

8 6 

8 6 

8 6 

, 1970-1971 

Task l 
Task 2 

X 

X 

X 

X 

X 

X 
X 

X 
X 

X 

X 

X X 

X 

X 

X 

X X 

14 4 

NOTE: This table should be read as follows: An x appearing in the 
column labeled Task l indicates success with the two-dimensional task. 
An x appearing in the column labeled Task 2 indicates the ability to con­
serve distance. An asterisk (*) appearing i n the column labeled Task 2 
indicates the experimenter's failure to determine the child's ability . 



TABLE V 

ESULTS O F TW O - DI MENSIONAL SKILLS AND DISTANCE CONSERVATION 
R TESTS GIV EN SEVEN- YEAR-OLD GIRLS ENROLLED IN 

ID No. 

33 

34 

35 

36 

37 

38 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 

50 

BARKSDALE SCHOOL, CLARKSVILLE, 
TENNESSEE, 1970-1971 

Age 
Years Months 

7 

7 

7 

7 

7 

7 

7 

7 

7 

7 

7 

7 

7 

7 

7 

7 

7 

7 

5 

5 

5 

6 

6 

7 

8 

8 

8 

8 

9 

9 

10 

10 

10 

10 

11 

11 

Task 1 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

12 

Task 2 

* 

* 

* 

X 

X 

X 

3 

· · the Total 18 . An x appearing in 

ld be read as follows. -dimensional task. 
NOTE: This table _shd~u t s success with th~ two the ability to con-
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TABLE VI 

RESULTS OF TWO-DIMENSIO 
TESTS ~~:~i~GLHT~~~:::~~~ ~~~L~I~~~t0CE CONSERVATION 

E SCHOOL CLARK LLED IN 
TENNESSEE ' SVILLE, 

, 1970-1971 

Age 

ID No. Years Months Task 1 Task 2. 

51 8 1 * 

52 8 2 X 

53 8 2 X * 

54 8 3 X X 

55 8 3 X 

56 8 3 X X 

57 8 3 X X 

58 8 3 X 

59 8 4 X 

X 

60 8 5 

8 
4 

Total 10 

NOTE: This table should be read as follows: An x appearing 
in the column labeled Task 1 indicates success with the two-dimensional 
task. An x appearing in the column labeled Task 2 indicates the ability 
to conserve distance. An asterisk ( *) appearing in the column labeled 
Task 2 indicates the experimenter's failure to determine the child's 

ability. 
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FIGURE 1 

THE CUISENAIRE GEOBOARD 
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FIGURE 2 

MODEL DESIGNED BY A UT HOR TO TEST 
TWO-DIMENSIONAL AWARENESS 
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FIGURE 3 
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MODEL DESIGNED BY A UT HOR TO TEST 
DISTANCE CONSERVATION 
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